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Preface

This volume contains the abstracts of the presentations at the 4th Workshop
on Interpolation: From Proofs to Applications (iPRA 2022), held on August 11,
2022, in Haifa, Israel, at the Federated Logic Conference 2022 (FLoC 2022) and
affiliated with the 11th International Joint Conference on Automated Reasoning
(IJCAR 2022). It resumes – after some hiatus – the iPRA workshop series,
initiated in 2013 by Laura Kovács and Georg Weissenbacher, with three previous
issues, 2013 in Saint Petersburg, 2014 in Vienna, and 2015 in San Francisco.
Starting out from Craig’s interpolation theorem for first-order logic, the existence and computation of interpolant formulas has many facets of theoretical
and practical interest. Approaches include techniques from automated reasoning, proof theory and model theory. Notable application fields are verification,
databases and knowledge representation. The program of iPRA 2022 was centered around four invited talks by leading researchers presenting recent work:
– Bahareh Afshari on Interpolation and Completeness in the Modal Mu-Calculus
– Alessandro Gianola on Uniform Interpolants and Model Completions in Formal Verification of Infinite-State Systems
– H. Jerome Keisler and Jeffrey M. Keisler on Application of Interpolation in
Networks
– Kenneth L. McMillan on Interpolants and Transformational Proof Systems
These invited talks were complemented by five contributed presentations, based
on the submissions for an open call for contributions.
We would like to thank all those involved for their enthusiasm and highquality contributions, in particular, the invited speakers, the authors of submitted contributions, the members of the Program Committee, and the FLoC 2022
Workshop Chairs Shaull Almagor and Guillermo A. Pérez.
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Interpolation and Completeness in the Modal
Mu-Calculus
Bahareh Afshari1,2
1

2

Institute for Logic, Language and Computation, University of Amsterdam,
Amsterdam, The Netherlands
Department of Philosophy, Linguistics and Theory of Science, University of
Gothenburg, Gothenburg, Sweden

From a proof-theoretic perspective, the idea that interpolation is tied to provability is a natural one. Thinking about Craig interpolation, if a ‘nice’ proof of
a valid implication ϕ → ψ is available, one may succeed in defining an interpolant by induction on the proof-tree, starting from leaves and proceeding to
the implication at the root. This method has recently been applied even to fixed
point logics admitting cyclic proofs [2, 6]. In contrast, for uniform interpolation,
there is no single proof to work from but a collection of proofs to accommodate:
a witness to each valid implication ϕ → ψ where the vocabulary of ψ is constrained. Working over a set of prospective proofs and relying on the structural
properties of sequent calculus is the essence of Pitts’ seminal result on uniform
interpolation for intuitionistic logic [5].
In this talk we will look at how Pitts’ technique can be adapted to derive
uniform interpolation for the propositional modal µ-calculus [3]. For this we introduce the notion of an interpolation template, a finite (cyclic) derivation tree
in a sequent calculus based on the Jungteerapanich–Stirling annotated proof
system [4, 7]. Uniform interpolants arise from encoding the structure of interpolation templates within the syntax of the µ-calculus. We will conclude with a
somewhat surprising corollary of the interpolation method via cyclic proofs: a
straightforward proof of completeness for Kozen’s finitary axiomatisation of the
µ-calculus [1].

References
1. Afshari B., Leigh, G.E.: From interpolation to completeness (unpublished)
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3. Afshari B., Leigh, G.E., Turata, G.M: Uniform interpolation from cyclic proofs:
The case of modal mu-calculus. In: Das A., Negri S (eds.) TABLEAUX 2021, Automated Reasoning with Analytic Tableaux and Related Methods - 30th International
Conference, vol. 12842, pp. 335–353, Springer, Birmingham (2021)
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Springer, Heidelberg (2009)
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Voronkov, A., Korovina, M.V. (eds.) HOWARD-60: A Festschrift on the Occasion of
Howard Barringer’s 60th Birthday, EPiC Series in Computing, vol. 42, pp. 306–318.
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Uniform Interpolants and Model Completions in
Formal Verification of Infinite-State Systems
Alessandro Gianola1
Free University of Bozen-Bolzano, Bolzano, Italy
gianola@inf.unibz.it

1

Overview

In this paper, we report recent results on uniform interpolation and its connection with model completions [9,10], and how uniform interpolants can be
used as a powerful tool in the context of formal verification of infinite-state
systems [8,4,18,23]. These results originate from a rather surprising confluence
of two well-established research fields: the one of model-theoretic algebra [34]
in mathematical logic, where uniform interpolants and model completions were
investigated for non-classical logics, and the one of automated reasoning and
Satisfiability Modulo Theories (SMT) [2], where uniform interpolants provide a
light form of quantifier elimination. We discuss how such apparently quite distant scientific paradigms can indeed cooperate in formal verification of infinitestate systems, in particular for applications to the so-called data-aware processes
[6,4,17,23]: the last ones are systems where the control flow of a (business) process can interact with a data storage.
1.1

The Problem of Quantifiers in Verification

Verification of infinite-state systems requires to develop symbolic techniques in
order to represent the transitions and the sets of states that are reachable through
those transitions: indeed, contrary to what happens in traditional finite-state
model checking [13], an explicit, exhaustive exploration of the state space is not
possible, because of the presence of infinitely many states.
In the context of SMT-based model checking, several techniques have been
successfully studied to attack this problem: for instance, there is a plethora
of prominent methods that are based on forward reachability, such as Kinduction [35], or on backward reachability [20]. Methods based on forward
reachability symbolically explore the state space starting from the initial configurations, via an iterative computation of direct images, i.e., the set of states
reachable through the transitions. In case of backward reachability methods,
the final states are ‘regressed’ by iteratively computing their predecessors (i.e.,
the pre-image), until a fixpoint is reached or the initial state(s) are intersected.
Specifically, in both cases, the main ingredient of the verification procedure is the
computation of (direct or pre-)images of sets of states via transitions: the state
space can be, in this way, explored symbolically. There exist various SMT-based
model checkers implementing these methods (e.g., Kind 2 [11] or mcmt [21]).
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In many declarative formalisms (e.g., [20,8]), sets of states are represented
using quantifier-free logical formulae, called state formulae: the variables occurring in a state formula are those whose content characterizes the global state of
the system and may change during its evolution. Starting from state formulae,
the verification procedure symbolically computes reachable sets of states, which
should be represented again as state formulae: indeed, images are intended to
describe sets of states, and as such, they should be quantifier-free. However,
reachable sets of states need to be manipulated, because in general are not natively described by state formulae: this is due to the fact that, when computing
images, first-order (mostly, existential ) quantifiers may be introduced by the
transitions of the system, which are usually quantified formulae. For instance,
this is the case of data-aware processes, when their transitions contain as guards
existential queries over a relational database [6,4]. Consequently, these quantifiers appear in the computation of images, breaking the quantifier-free format
of state formulae. A sort of quantifier elimination is then needed to represent
reachable states as state formulae, so as to guarantee the regressability of the
verification procedure.
Dealing with quantifiers is a genuine problem when employing verification
frameworks based on SMT solving. For instance, declarative versions of backward reachability [19,20] require discharging to SMT solvers proof obligations
that can be reduced to satisfiability tests for quantified formulae with a restricted syntactic shape. Although SMT solvers can natively reason only about
the quantifier-free fragments of theories, first-order quantifiers can be in some
cases handled by instantiation [20], whereas in others [1], where quantifiers range
over specific data structures such as real-valued clocks involving light versions of
arithmetic, proper quantifier elimination can be employed. In that context, the
existential quantifiers to eliminate bind only arithmetic variables, and the corresponding quantifier elimination procedures are consequently the standard ones
studied for arithmetic theories, such as Fourier-Motzkin and Cooper algorithms
[14].
In general, the precise computation of the set of reachable states can be effectively performed via proper quantifier elimination (QE). However, quantifier
elimination is not always possible in generic first-order theories, and, when available, is in many cases computationally intractable: for instance, this is the aforementioned case of arithmetical theories, for which QE is in general too expensive
to be employed in practice. In order to cope with this problem, other methods
for symbol elimination (e.g., predicate abstraction [25,26] or ordinary interpolation [29,30]) have been investigated, which do not compute precise images,
but perform an approximation of the reachable states: this implies that images
can contain ‘spurious elements’, i.e., states that are not properly reachable in
one step. Nevertheless, these methods have been proved to be quite successful
and computationally efficient. The main limitation is that they usually require
refinement techniques to handle the spurious traces possibly produced by the
approximation.
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Model Completions and Uniform Interpolation

The aim of this paper is to remark how in significant cases, such as the one
of data-aware processes verification, approximating methods can be abandoned
in favor of exact methods that have both the merits of computing precise images and of remaining computationally tractable (i.e., in polytime). These exact
methods are based on the use of uniform interpolants, which are a strong form
of interpolants having strict relationships with quantifier elimination performed
in richer theories called model completions. We clarify why model completions
come to the picture and how they are related to uniform interpolation.
2.1

Model-Theoretic Algebra and Model Completions

Formally, a first-order theory T has quantifier elimination iff for every formula
ϕ in the signature of T there is a quantifier-free formula ϕ′ s.t. ϕ is T -equivalent
to ϕ′ . Using logical transformations, the problem of eliminating quantifiers from
a generic first-order formula can be equivalently formulated as the one of eliminating existential quantifiers from constraints, i.e., conjunctions of literals.
Eliminating existential quantifiers from a formula has an interesting interpretation: it can be seen as the logical counterpart of finding witnesses, i.e., solutions, to suitable systems of equations and/or disequalities expressed in logical
form. Model-theoretic algebra, starting from the pioneering work by Robinson
[33,34], provides a powerful setting where to formulate this problem in algebraic
terms, and where to solve it by exploiting tools from model theory.
The central notion is that of existentially closed model. A quantifier-free formula with parameters in a model M is solvable if there is an extension M ′ of M
where the formula is satisfied. A model M is existentially closed if any solvable
quantifier-free formula already has a solution in M itself. This notion is not firstorder definable in general. However, in significant cases, the class of existentially
closed models of T are exactly the models of another first-order theory T ∗ , which
in the literature is abstractly characterized as the model companion of T . Under
suitable hypothesis (one of them being T a universal theory), model companions
enjoy richer properties and become the so-called model completions [12].
Formally, a universal theory T has a model completion iff there is a stronger
theory T ∗ ⊇ T (still within the same signature Σ of T ) such that: (i) every
Σ-constraint that is satisfiable in a model of T is satisfiable in a model of T ∗ ;
(ii) T ∗ eliminates quantifiers. Other equivalent definitions are possible [12]: for
instance, (i) is equivalent to the fact that T and T ∗ prove the same universal
formulae or again to the fact that every model of T can be embedded into
a model of T ∗ . The theory T ∗ , if it exists, is unique. In model completions,
quantifier elimination holds, even in case it does not in the original theory T .
The model companion/model completion of a theory identifies the class of those
models where all satisfiable existential statements can be satisfied.
In declarative approaches to verification of infinite-state systems, the runs of
a system that are ‘analyzed’ by image computation are identified with certain
definable paths in the models of a suitable theory T : for instance, in the case
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of data-aware processes the theory T formalizes the relational database that is
queried and modified by the transition system [8].
We already remarked that, when performing these computations, first-order
quantifiers are introduced and are needed to be eliminated, even in case of theories T not admitting quantifier elimination. Nevertheless, in many significant
cases where QE is not available, model completions still exist. This is the case
of useful theories such as the ones used for data-aware process verification [8,4].
For these reasons, model completions become the crucial tool to exploit: without loss of generality, one can restrict the analysis to paths within existentially
closed models, thus taking profit from the properties enjoyed by the model completion T ∗ , first of all quantifier elimination. For instance, indeed, it is possible
to prove, in the case of safety verification, that performing backward reachability
for systems whose models live in T is equivalent to performing backward reachability for systems whose models live in T ∗ [8,9]: favorably, in T ∗ quantifiers can
be eliminated, even when in T quantifier elimination is not available.
2.2

Uniform Interpolants and QE in Model Completions

We now give a general definition of uniform interpolants and we discuss the
strict relationship between uniform interpolants and model completions. Let T
be a logic or a theory and let L be a suitable fragment (propositional, first-order
quantifier-free, etc.) of its language. Given an L-formula ϕ(x, y) (here x, y are
the variables occurring in ϕ), a (L-)uniform interpolant (UI) of ϕ (w.r.t. y) is an
L-formula ϕ′ (x) where only the x occur, satisfying the following two properties:
(i) ϕ(x, y) ⊢T ϕ′ (x);
(ii) for any further L-formula ψ(x, z) such that ϕ(x, y) ⊢T ψ(x, z), we have
ϕ′ (x) ⊢T ψ(x, z).
Notice that, for every pair of L-formulae ϕ(x, y) and ψ(x, z) such that
ϕ(x, y) ⊢T ψ(x, z), a uniform interpolant of ϕ is in particular an ordinary
(Craig) interpolant for the pair (ϕ, ψ) [15]. Hence, whenever uniform interpolants exist, one can compute an ordinary interpolant for an entailment such as
ϕ(x, y) ⊢T ψ(x, z) in a way that is independent of ψ, i.e., uniformly: indeed, the
same ordinary interpolant ϕ′ (x) can be used as interpolant for all entailments
⊢T ϕ(x, y) → ψ(x, z), varying ψ. For this reason, such an ordinary interpolant
is called uniform. A theory T admits (L-)uniform interpolation iff, for every
L-formula ϕ(x, y), there exists a (L-)uniform interpolant ϕ′ (x) of ϕ w.r.t. y.
Uniform interpolants were originally investigated in non-classical logics, since
the pioneering work by Pitts [32]. Uniform interpolants are stronger than ordinary interpolants: even in case Craig interpolants exist, uniform interpolants
may not exist. Hence, the existence of uniform interpolants is an exceptional
phenomenon, but not so rare. Since the nineties, they have been extensively
studied in a large literature (e.g., [22,28,31]). Recently, the automated reasoning
community has developed an increasing interest in uniform interpolants, focusing on the case L is the quantifier-free fragment of some first-order theory T :
from now on, we restrict our attention to this case. This interest is witnessed
by various talks by Kapur in various conferences and workshops (FloC 2010,
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ISCAS 2013-14, SCS 2017 [27]), as well as by Gulwani and Musuvathi in [24],
where uniform interpolants are called covers, examples of UI computations were
supplied and some algorithms were sketched. The usefulness of uniform interpolants in model checking was first stressed in that work: they can be employed
to compute exact direct images of set of states. This interest has been confirmed
and further motivated by data-aware process verification [6,9].
The first formal proof about the existence of uniform interpolants in EU F
was published in [5,9], where also the following crucial result was proved: computing uniform interpolants in T is equivalent to eliminating quantifiers in its
model completion T ∗ . Hence, instead of investigating paths in T ∗ and eliminating quantifiers in model completions, reachability can be performed in T itself by
computing uniform interpolants there. In those papers, a UI algorithm for EU F
relying on a constrained variant of the Superposition Calculus was proposed:
in the restricted case that is used for verifying safety of data-aware process, it
is also possible to provide a quadratic bound in time for UI computation. Two
simpler UI algorithms are studied in [16].
A close relationship between model completion and uniform interpolation
was deeply studied also in other contexts, like in propositional logic (see, for
instance, [22]). It is well-known that most propositional calculi, via Lindenbaum constructions, can be algebraized: for instance, the algebraic counterpart
of classical logic are Boolean algebras, and the algebraic counterpart of intuitionistic logic are Heyting algebras. Under suitable hypotheses, it turns out that a
propositional logic has uniform interpolation (for the global consequence relation) if and only if the equational theory axiomatizing its corresponding variety
of algebras has a model completion [22].
Another important question suggested by formal verification regards the UI
transfer to combined theories: for instance, for data-aware processes it is natural
to consider the combination of different theories, such as the ones accounting
for the different types of data contained in the persistent storage [10,6]. The UI
transfer problem is: supposing that uniform interpolants exist in theories T1 , T2 ,
under which conditions do they exist also in the combined theory T1 ∪T2 ? In [7,10]
combined uniform interpolants are shown to exist in the disjoint-signatures convex case under the same hypothesis, i.e., the equality interpolating condition
[36], guaranteeing the transfer of quantifier-free ordinary interpolation: for convex theories, equality interpolating is not only a sufficient condition, but also
necessary, in the sense that is required for the minimal combination with EU F.
A combined UI algorithm [7,10] can be designed by extensively using Beth
definability, which is a property that is enjoyed by equality interpolating theories [3]. Indeed, the equivalence between implicit and explicit definability that
is provided by Beth definability is exploited by the combined algorithm in the
following way: the algorithm guesses the implicitly definable variables, then eliminates them via explicit definability, and finally uses the component-wise input
UI algorithms to eliminate the remaining (not implicitly definable) variables. The
identification and the elimination of the implicitly defined variables via explicitly
defining terms is crucial for the correctness of the combined UI algorithm.

8

Alessandro Gianola

References
1. Alberti, F., Bruttomesso, R., Ghilardi, S., Ranise, S., Sharygina, N.: An extension
of lazy abstraction with interpolation for programs with arrays. Formal Methods
in System Design 45(1), 63–109 (2014)
2. Barrett, C.W., Tinelli, C.: Satisfiability modulo theories. In: Handbook of Model
Checking., pp. 305–343. Springer (2018)
3. Bruttomesso, R., Ghilardi, S., Ranise, S.: Quantifier-free interpolation in combinations of equality interpolating theories. ACM Transactions on Computational
Logic 15(1), 5:1–5:34 (2014)
4. Calvanese, D., Ghilardi, S., Gianola, A., Montali, M., Rivkin, A.: Formal modeling
and SMT-based parameterized verification of data-aware BPMN. In: Proceeding
of BPM 2019. LNCS, vol. 11675, pp. 157–175. Springer (2019)
5. Calvanese, D., Ghilardi, S., Gianola, A., Montali, M., Rivkin, A.: Model completeness, covers and superposition. In: Proceedings of CADE 2019. LNCS (LNAI), vol.
11716, pp. 142–160. Springer (2019)
6. Calvanese, D., Ghilardi, S., Gianola, A., Montali, M., Rivkin, A.: Verification of
data-aware processes: Challenges and opportunities for automated reasoning. In:
Proceedings of ARCADE 2019. vol. 311. EPTCS (2019)
7. Calvanese, D., Ghilardi, S., Gianola, A., Montali, M., Rivkin, A.: Combined Covers
and Beth Definability. In: Proceedings of IJCAR 2020. LNCS (LNAI), vol. 12166,
pp. 181–200. Springer (2020)
8. Calvanese, D., Ghilardi, S., Gianola, A., Montali, M., Rivkin, A.: SMT-based verification of data-aware processes: a model-theoretic approach. Mathematical Structures in Computer Science 30(3), 271–313 (2020)
9. Calvanese, D., Ghilardi, S., Gianola, A., Montali, M., Rivkin, A.: Model completeness, uniform interpolants and superposition calculus. Journal of Automated
Reasoning 65(7), 941–969 (2021)
10. Calvanese, D., Ghilardi, S., Gianola, A., Montali, M., Rivkin, A.: Combination of
uniform interpolants via Beth definability. Journal of Automated Reasoning 66(3)
(2022)
11. Champion, A., Mebsout, A., Sticksel, C., Tinelli, C.: The Kind 2 model checker.
In: Proceedings of CAV 2016. LNCS, vol. 9780, pp. 510–517. Springer (2016)
12. Chang, C.C., Keisler, J.H.: Model Theory. North-Holland Publishing Co.,
Amsterdam-London, third edn. (1990)
13. Clarke, E.M., Grumberg, O., Peled, D.A.: Model checking. MIT Press (2001)
14. Cooper, D.C.: Theorem proving in arithmetic without multiplication. In: Machine
Intelligence. vol. 7, pp. 91–100. Edinburgh University Press (1972)
15. Craig, W.: Three uses of the Herbrand-Gentzen theorem in relating model theory
and proof theory. Journal of Symbolic Logic 22, 269–285 (1957)
16. Ghilardi, S., Gianola, A., Kapur, D.: Uniform interpolants in EUF: Algorithms
using DAG-representations. Logical Methods in Computer Science 18(2) (2022)
17. Ghilardi, S., Gianola, A., Montali, M., Rivkin, A.: Delta-BPMN: A concrete language and verifier for Data-Aware BPMN. In: Proceedings of BPM 2021. LNCS,
vol. 12875, pp. 179–196. Springer (2021)
18. Ghilardi, S., Gianola, A., Montali, M., Rivkin, A.: Petri net-based object-centric
processes with read-only data. Information Systems 107 (2022)
19. Ghilardi, S., Nicolini, E., Ranise, S., Zucchelli, D.: Towards SMT model checking
of array-based systems. In: Proceedings of IJCAR 2008. LNCS (LNAI), vol. 5195,
pp. 67–82. Springer (2008)

Uniform Interpolants and Model Completions

9

20. Ghilardi, S., Ranise, S.: Backward reachability of array-based systems by SMT
solving: Termination and invariant synthesis. Logical Methods in Computer Science
6(4) (2010)
21. Ghilardi, S., Ranise, S.: MCMT: A model checker modulo theories. In: Proceedings
of IJCAR 2010. LNCS (LNAI), vol. 6173, pp. 22–29. Springer (2010)
22. Ghilardi, S., Zawadowski, M.: Sheaves, games, and model completions, Trends in
Logic—Studia Logica Library, vol. 14. Kluwer Academic Publishers, Dordrecht
(2002)
23. Gianola, A.: SMT-based Safety Verification of Data-Aware Processes: Foundations
and Applications. Ph.D. thesis, Free University of Bozen-Bolzano (2022)
24. Gulwani, S., Musuvathi, M.: Cover algorithms and their combination. In: Proceedings of ESOP 2008. LNCS, vol. 4960, pp. 193–207. Springer (2008)
25. Jhala, R., Majumdar, R.: Software model checking. ACM Comput. Surv. 41(4),
21:1–21:54 (2009)
26. Jhala, R., Podelski, A., Rybalchenko, A.: Predicate abstraction for program verification. In: Handbook of Model Checking, pp. 447–491. Springer (2018)
27. Kapur, D.: Nonlinear polynomials, interpolants and invariant generation for system
analysis. In: Proceedings of SC-Square 2017 (co-located with ISSAC). vol. 1974.
CEUR Workshop Proceedings (2017)
28. Kowalski, T., Metcalfe, G.: Uniform interpolation and coherence. Annals of Pure
and Applied Logic 170(7), 825–841 (2019)
29. McMillan, K.L.: Interpolation and SAT-Based Model Checking. In: Proceedings of
CAV 2003. LNCS, vol. 2725, pp. 1–13. Springer (2003)
30. McMillan, K.L.: Lazy Abstraction with Interpolants. In: Proceedings of CAV 2006.
LNCS, vol. 4144, pp. 123–136. Springer (2006)
31. Metcalfe, G., Reggio, L.: Model completions for universal classes of algebras: necessary and sufficient conditions. Journal of Symbolic Logic pp. 1–34 (2022)
32. Pitts, A.M.: On an interpretation of second order quantification in first order intuitionistic propositional logic. Journal of Symbolic Logic 57(1), 33–52 (1992)
33. Robinson, A.: On the metamathematics of algebra. Studies in Logic and the Foundations of Mathematics, North-Holland Publishing Co., Amsterdam (1951)
34. Robinson, A.: Introduction to model theory and to the metamathematics of algebra. Studies in logic and the foundations of mathematics, North-Holland (1963)
35. Sheeran, M., Singh, S., Stålmarck, G.: Checking safety properties using induction
and a SAT-solver. In: Proceedings of FMCAD 2000. LNCS, vol. 1954, pp. 108–125.
Springer (2000)
36. Yorsh, G., Musuvathi, M.: A combination method for generating interpolants. In:
Proceedings of CADE 2005. LNCS, vol. 3632, pp. 353–368. Springer (2005)

Application of Interpolation in Networks
H. Jerome Keisler1 and Jeffrey M. Keisler2
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1
2

This lecture is about networks consisting of a directed graph in which each
vertex is equipped with a language with the Craig interpolation property, along
with a knowledge base (set of sentences) in that language. The knowledge bases
grow over time according to some set of rules including the following: For any
edge between two vertices, any sentence in the first knowledge base that is in
the common language can be added to the second knowledge base (intuitively,
the first vertex sends a message to the second). We survey a variety of results
and problems that arise in this framework. A central question is: Under which
conditions will a sentence be eventually provable from the knowledge base at a
given vertex.
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Interpolants and Transformational Proof Systems
Kenneth L. McMillan
The University of Texas at Austin, Austin, TX, U.S.A.

Proof-based interpolation can be thought of as a proof transformation that localizes a proof by introducing a cut or lemma. The hope is that such a lemma
will be generally useful, for example in synthesizing an inductive proof. Usually, we think of interpolants as a service provided by an automated prover to
some higher-level reasoner such as a program verifier. In this talk, however, we
will consider interpolation as a proof transformation to be applied during proof
search. To motivate this idea, we will first consider CDCL as a transformational
proof system, with conflict clauses generated by an interpolating transformation rule. Then we move from ground to quantified clauses. By adding one proof
search rule and one interpolating transformation rule, we obtain a stratified CHC
solver. Another transformation allows us to obtain more general conflict clauses
using interpolation. The proof transformation view allows us to tightly integrate
higher-level proof strategies with CDCL. This presents engineering challenges,
but has the potential to produce a class of efficient solvers that can exploit the
structure of problem instances.

First-Order Interpolation Derived from
Propositional Interpolation⋆
Matthias Baaz1 and Anela Lolic2
1

Institute of Discrete Mathematics and Geometry, TU Wien
baaz@logic.at
2
Institute of Logic and Computation, TU Wien
anela@logic.at

Ever since Craig’s seminal paper on interpolation [3], interpolation properties
have been recognized as important properties of logical systems. Recall that a
logic L has interpolation if whenever A → B holds in L there exists a formula I
in the common language of A and B such that A → I and I → B hold in L.
Propositional interpolation properties can be determined and classified with
relative ease using the ground-breaking results of Maksimova cf. [6, 5, 4]. This
approach is based on an algebraic analysis of the logic in question. In contrast
first-order interpolation properties are notoriously hard to determine, even for
logics where propositional interpolation is more or less obvious. For example it
is unknown whether GQF
[0,1] (first-order infinitely-valued Gödel logic) interpolates
(cf. [1]) and even for MCQF , the logic of constant domain Kripke frames of three
worlds with two top worlds (an extension of MC), interpolation proofs are very
hard cf. Ono [8]. This situation is due to the lack of an adequate algebraization
of non-classical first-order logics.
In this paper we present a proof theoretic methodology to reduce first-order
interpolation to propositional interpolation:

existence of suitable skolemizations + 
first-order
existence of Herbrand expansions + ⇒
interpolation.

propositional interpolation

The construction of the first-order interpolant from the propositional interpolant
follows this procedure:
1. Develop a validity equivalent skolemization replacing all strong quantifiers3
in the valid formula A → B to obtain the valid formula A1 → B1 .
2. Construct a valid Herbrand expansion A2 → B2 for A1 → B1 . Occurrences
W
of ∃xB(x) and ∀xA(x)
are replaced by suitable finite disjunctions B(ti )
V
and conjunctions B(ti ), respectively.
3. Interpolate the propositionally valid formula A2 → B2 with the propositional
interpolant I ∗ :
A2 → I ∗ and I ∗ → B2
are propositionally valid.

⋆
3

This abstract is based on the publication [2].
Here we are dealing with quantifiers ∀ and ∃ such that A(t) → ∃xA(x) and ∀xA(x) →
A(t) hold. This occurrence of quantifiers is called weak, the dual occurrence is called
strong.
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4. Reintroduce weak quantifiers to obtain valid formulas
A1 → I ∗

and I ∗ → B1 .

5. Eliminate all function symbols and constants not in the common language
of A1 and B1 by introducing suitable quantifiers in I ∗ (note that no Skolem
functions are in the common language, therefore they are eliminated). Let I
be the result.
6. I is an interpolant for A1 → B1 . A1 → I and I → B1 are skolemizations of
A → I and I → B. Therefore I is an interpolant of A → B.
We apply this methodology to lattice based finitely-valued logics and the weak
quantifier and subprenex fragments of infinitely-valued first-order Gödel logic.
Note that finitely-valued first-order logics admit variants of Maehara’s
Lemma and therefore interpolate if all truth values are quantifier free definable [7]. For logics where not all truth-values are represented by quantifier-free
formulas this argument does not hold, which explains the necessity of different
interpolation arguments for e.g. MCQF (the result for MCQF is covered by our
framework, cf. Example 1). We provide a decision algorithm for the interpolation
property for lattice based finitely-valued logics.
Most results in interpolation are concerned with the question whether a given
logic interpolates but not with the more general question, to check the minimal
extensions with that property. Our framework allows for the calculation of the
relevant first-order extensions, which is given by the calculation of the relevant
propositional extensions. For classical logic we show in this way that the fragment
with ⊤, ∧, ∨, ∀, ∃, → interpolates.
Example 1. Finite propositional and constant-domain Kripke frames can be understood as lattice-based finitely valued logics: Consider upwards closed subsets
Γ ⊆ W , W is the set of worlds, and order them by inclusion. A formula A is
assigned the truth value Γ iff A is true at exactly the worlds in Γ . The constantdomain intuitionistic Kripke frame K in Fig. 1 is represented by the lattice
γ

β

⟨{α, β, γ}, ≤∗ ⟩
α
Fig. 1. Constant-domain intuitionistic Kripke frame K.
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1

1
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0
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else
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0
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1
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0

≤



1
0

1

≤



0
0

≤
0



0
0

Fig. 2. The lattice.

MC = L0 (L→ ) is the set of valid propositional sentences.
Propositional interpolation is easily demonstrated for MC, one of the seven intermediate logics which admit propositional interpolation [5]. Previous proofs for
the interpolation of MCQF , the first-order variant of MC, are quite involved, [8].
This interpolation result is a corollary of the main statement of this approach.
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Interpolation and SAT-Based Model Checking
Revisited: Adoption to Software Verification
Dirk Beyer , Nian-Ze Lee , and Philipp Wendler
LMU Munich, Germany

Interpolation-based model checking (McMillan, 2003) [3] is a formal-verification
algorithm, which was originally devised to verify safety properties of finite-state
transition systems. The algorithm is state-of-the-art in hardware model checking.
It derives interpolants from unsatisfiable BMC queries, and collects them to
construct an overapproximation of the set of reachable states. Unlike other
formal-verification algorithms, such as k -induction or PDR, which have been
extended to handle infinite-state systems and investigated for program analysis,
McMillan’s interpolation-based model checking algorithm from 2003 has not been
used to verify programs. This work closes this significant, 19 years old gap in
knowledge by adopting the algorithm to software verification. We implemented it
in the framework CPAchecker, and evaluated the implementation against other
state-of-the-art software-verification techniques over the largest publicly available
benchmark suite of C safety-verification tasks. The evaluation demonstrates that
interpolation-based model checking is competitive among other algorithms in
terms of both the number of solved verification tasks and the run-time efficiency.
Our results might have important implications for software verification, because
researchers and developers now have a richer set of approaches to choose from.
The full paper is available on https://www.sosy-lab.org/research/cpa-imc
and on arXiv [1].
Keywords: Software verification · Program analysis · Model checking · Interpolation · CPAchecker · SMT · SAT

Data-Availability Statement
To enhance the verifiability and transparency of the reported results, all used software,
input programs, and raw experimental results are available in a supplemental research
artifact [2]. For convenient browsing through the results, interactive tables are available
at https://www.sosy-lab.org/research/cpa-imc. Current versions of CPAchecker
are also available at https://cpachecker.sosy-lab.org.
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Interpolation via Finitely Subdirectly Irreducible
Algebras⋆
Wesley Fussner and George Metcalfe
Mathematical Institute, University of Bern, Switzerland
{wesley.fussner,george.metcalfe@unibe.ch}

Abstract. We present a number of algebraic results that facilitate the
study of the deductive interpolation property and closely-related metalogical properties for algebraizable deductive systems. We prove that,
when V is a congruence-distributive variety, V has the congruence extension property if and only if the class VFSI of finitely subdirectly irreducible members of V has the congruence extension property. When
a deductive system ⊢ is algebraized by V, this provides a description
of local deduction theorems in terms of algebraic models. Further, we
prove that for a variety V with the congruence extension property such
that VFSI is closed under subalgebras, V has a one-sided amalgamation
property (equivalently, since V is a variety, the amalgamation property)
if and only if VFSI has this property. When V is the algebraic counterpart
of a deductive system ⊢, this yields a characterization of the deductive
interpolation property in terms of algebraic semantics. We announce a
similar result for the transferable injections property, and prove that possession of all these properties is decidable for finitely generated varieties
satisfying certain conditions. Finally, as a case study, we describe the
subvarieties of a notable variety of BL-algebras that have the amalgamation property.
Keywords: deductive interpolation property · amalgamation property
· local deduction theorems · congruence extension property · finitely subdirectly irreducible.

This study develops an array of algebraic tools for investigating the deductive
interpolation property, as well as several other closely-related metalogical properties. Our inquiry is rooted in the ‘bridge theorems’ of algebraic logic, which
provide a means of toggling between metalogical properties of an algebraizable
deductive system ⊢ (in the sense of [5]) and properties of the variety V of algebraic models corresponding to ⊢. When this variety V is tractable, such algebrato-logic correspondences provide a powerful technique for obtaining interpolation theorems and similar results. Our main contribution consists of a number of
transfer theorems that lift algebraic properties linked to deductive interpolation
⋆

This research was supported by the Swiss National Science Foundation grant
200021_184693.
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to a variety V from its subclass of finitely subdirectly irreducible members VFSI .1
This gives a potent set of strategies for establishing these algebraic properties
for varieties algebraizing deduction systems, for which the class of finitely subdirectly irreducibles is frequently well-behaved.2 Further, our results yield that,
under appropriate technical hypotheses, there is an effective procedure for deciding whether a deductive system ⊢ has the deductive interpolation property.
Similar decidability results hold for the other metalogical properties we consider.
In order to express our contributions in more detail, we recall several definitions. A deductive system ⊢ has the deductive interpolation property if for all
formulas φ, ψ such that φ ⊢ ψ, there exists a formula σ such that
1. φ ⊢ σ and σ ⊢ ψ, and
2. the variables of σ are among those appearing in both of φ and ψ.
Although this form of interpolation is given without regard to the language of ⊢,
when an implication-like connection → is present in the language, the deductive
interpolation property is strongly connected to the usual Craig interpolation
property (see, e.g., [9]). This link is especially strong when ⊢ also has a local
deduction theorem, i.e., when there exists a family {dj (p, q) : j ∈ J} of sets
of formulas dj (p, q) in at most two variables such that for every set of formula
Γ ∪ {φ, ψ} we have
Γ, φ ⊢ ψ ⇐⇒ Γ ⊢ dj (φ, ψ) for some j ∈ J.
A familiar presentation of the local deduction theorem is obtained in the presence
of an implication connective → and when dj (p, q) = {p → q}.
Both of the aforementioned properties have algebraic counterparts when ⊢
is algebraized by some variety V. We say that an algebra B has the congruence
extension property (or CEP for short) if for every subalgebra A of B and every
congruence Θ of A, there exists a congruence Ψ of B such that Ψ ∩A2 = Θ. When
K is a class of similar algebras, we say that K has the CEP when each A ∈ K does.
Further, we say that a class K of similar algebras has the amalgamation property
(or AP for short) if whenever A, B, C ∈ K and φB : A → B, φC : A → C are
embeddings, there exists D ∈ K and embeddings ψB : B → D, ψC : C → D such
that ψB φB = ψC φC . The following well-known result provides a link between
the concepts we have just introduced.
1

2

Recall that an algebra A is finitely subdirectly irreducible if the least element of the
congruence lattice of A is meet-irreducible, or, equivalently, if whenever A is isomorphic to a subdirect product of a finite, non-empty set of algebras, it is isomorphic to
one of these algebras.
Notably, if V has equationally definable principal meets, as is often the case for
varieties algebraizing deductive systems, then VFSI is a universal class [3, Theorem
1.5]. More concretely, if the members of V are semilinear residuated lattices, then
VFSI is exactly the class of totally ordered members of V [6].
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Theorem 1. Let ⊢ be a deductive system that is algebraized by a variety V.
Then:
1. ([4]) The deductive system ⊢ has a local deduction theorem if and only if V
has the congruence extension property.
2. ([7]) When ⊢ has a local deduction theorem, ⊢ has the deductive interpolation
property if and only if V has the amalgamation property.
The following gives our first result. This theorem generalizes [8, Theorem 3.3],
which announces a similar result dealing with subdirectly irreducibles (rather
than finitely subdirectly irreducibles) under the additional hypothesis that the
class of subdirectly irreducible algebras in V forms an elementary class.
Theorem 2. Let V be a congruence-distributive variety. Then V has the CEP if
and only if VFSI has the CEP.
Many of our results are best summarized by referencing commutative diagrams. If K is a class of similar algebras, we say that a span in K is a 5-tuple
⟨A, B, C, φB , φC ⟩ such that A, B, C ∈ K and φB : A → B, φC : A → C are
homomorphisms. We say that a span in K is injective if φB is an embedding,
doubly injective if both φB and φC are embeddings, and injective-surjective if
φB is an embedding and φC is surjective. The class K is said to have the extension property (or EP) if for any injective-surjective span ⟨A, B, C, φB , φC ⟩
in K, there exist an algebra D ∈ K, a homomorphism ψB : B → D, and an
embedding ψC : C → D such that ψB φB = ψC φC (i.e., the diagram in Figure 1(i) commutes). A variety V has the EP if and only if V has the CEP (see
[2]), but this does not hold for arbitrary classes of algebras. However, under the
additional hypothesis that VFSI is closed under subalgebras, we may give the
following stronger variation of Theorem 2.
Theorem 3. Let V be a congruence-distributive variety such that VFSI is closed
under subalgebras. The following are equivalent:
1.
2.
3.
4.

V has the congruence extension property.
V has the extension property.
VFSI has the congruence extension property.
VFSI has the extension property.

Now suppose that K and K′ are two classes of algebras in a common signature and that ⟨A, B, C, φB , φC ⟩ is a doubly injective span in K. An amalgam
in K′ of this span is a triple ⟨D, ψB , ψC ⟩ where D ∈ K′ and ψB : B → D and
ψC : C → D are embeddings such that ψB φB = ψC φC (i.e., the diagram in Figure 1(ii) commutes). The class K has the amalgamation property, as previously
defined, precisely when every doubly injective span in K has an amalgam in K.
Generalizing this notion, a class K is said to have the one-sided amalgamation
property (or 1AP) if for any doubly injective span ⟨A, B, C, φB , φC ⟩ in K, there
exist a D ∈ K, a homomorphism ψB : B → D, and an embedding ψC : C → D
such that ψB φB = ψC φC (i.e., the diagram in Figure 1(iii) commutes). The AP

Interpolation via Finitely Subdirectly Irreducible Algebras
C

C
ψC

φC

A

D
φB

ψB

B
(i) EP

C
ψC

φC

A

D
φB

ψB

B
(ii) AP

C
ψC

φC

A
ψB

A

D
φB

ψB

B
(iii) 1AP

ψC

φC

D
φB

19

B
(iv) TIP

Fig. 1. Commutative diagrams for algebraic properties

and 1AP coincide when K is a variety, but this does not hold for arbitrary classes
of algebras. Our second result is given as follows, and generalizes [12, Theorem
9].
Theorem 4. Let V be a variety with the congruence extension property such
that VFSI is closed under subalgebras. The following are equivalent:
1.
2.
3.
4.

V has the amalgamation property.
V has the one-sided amalgamation property.
VFSI has the one-sided amalgamation property.
Every doubly injective span of finitely generated algebras from VFSI has an
amalgam in VFSI × VFSI .
5. Every doubly injective span of finitely generated algebras from VFSI has an
amalgam in V.
A class K of similar algebras is said to have the transferable injections property
(or TIP for short) if for any injective span ⟨A, B, C, φB , φC ⟩ in K, there exist an
algebra D ∈ K, a homomorphism ψB : B → D, and an embedding ψC : C → D
such that ψB φB = ψC φC (i.e., the diagram in Figure 1(iv) commutes). From [2,
Lemma 1.7], a variety has the TIP if and only if it has both the CEP and AP.
Building on the previously-announced results, we obtain the following similar
theorem for the TIP.
Theorem 5. Let V be a congruence-distributive variety such that VFSI is closed
under subalgebras. Then V has the transferable injections property if and only if
VFSI has the transferable injections property.
Under appropriate hypotheses, the transfer theorems previously articulated
can be used in conjunction with Jónsson’s Lemma [11] to obtain decidability
results for the algebraic properties we have discussed. In particular, we obtain:
Theorem 6. Let V be a finitely generated congruence-distributive variety such
that VFSI is closed under subalgebras. Then there exist effective algorithms to
decide if V has the congruence extension property, amalgamation property, or
transferable injections property.
Although Theorems 2-6 are phrased in universal-algebraic terms, we stress that,
by Theorem 1, each of these results may be read as a semantic description
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of the deductive interpolation property, local deduction theorem, or cognate
metalogical property in the context of an algebraizable deductive system ⊢.
Finally, to illustrate the practical utility of our results, we conclude our discussion with a case study concerning several axiomatic extensions of Hájek’s
basic fuzzy logic [10]. These logical systems are algebraized by certain subvarieties of BL-algebras, which comprise classes of semilinear residuated lattices. In
each of these varieties, the class of finitely subdirectly irreducible members is
composed of linearly ordered BL-algebras, giving a class that is highly amenable
to the methods we have articulated here. Using our previously-described results,
we classify which of the subvarieties of BL-algebras under consideration enjoy
the amalgamation property, consequently classifying which of the corresponding
logical systems has the deductive interpolation property. This application provides fast and easy answers to questions of amalgamation and interpolation that
are presently being actively considered in the literature (see [1]).
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Introduction

Definite descriptions (DD) are important information-conveying ingredients of
every discourse, which have the form ‘The so-and-so’. DD are widely discussed
in linguistics and formal semantics, but their formal treatment in logic is surprisingly modest (see, e.g., Indrzejczak and Zawidzki [5] and the references therein).
Although a variety of theories of DD are present on the market, usually a reductionist perspective by Russell is taken as the most prominent [6,8]. In contrast
to Frege’s view, he treated descriptions as a kind of incomplete signs and showed
how to get rid of them by means of contextual definitions of the form:
ψ(ıxφ(x)) := ∃x(∀y(φ(y) ↔ y = x) ∧ ψ(x))

(R)

(λxψ)(ıyφ) ↔ ∃x(∀y(φ ↔ y = x) ∧ ψ),

(Rλ )

However Russell’s account has serious drawbacks. As it stands, (R) must be
restricted to atomic ψ or it is necessary to add means for marking scope distinctions, as otherwise we can run into contradictions (see, e.g., Indrzejczak [4]).
It seems that we can avoid the problems triggered by the Russellian approach
if we enrich the language with the lambda-operator and restrict the predication
to descriptions to predicate abstracts of the form λxφ, where φ is any formula.
DD are used only as arguments of predicate abstracts, the modified version of
(R) is (Rλ ):
where φ does not contain free occurrences of x. In this way we avoid problems
with scope and inconsistency described above.
We provide a sound, complete, and cut-free tableau calculus TCRλ for the
logic LRλ being a formalisation of a Russell-style theory of DD with the iotaoperator used to construct DD, the lambda-operator forming predicate abstracts,
and DD as genuine terms with a restricted right of residence. For this calculus
we obtain a constructive proof of the Craig interpolation theorem and the Beth
definability theorem as its usual consequence. This allows us to check whether
an individual constant from a signature has a DD-counterpart under a given
theory and can be replaced therewith.
⋆
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Preliminaries

Syntax We consider formulas built in the standard first-order language with
identity L, where ¬, ∧, and ∀ are taken as primitive expressions, augmented
with the definite description operator ı and the abstraction operator λ.
A signature Σ for the language L is a triple (PRED, CONS, ar), where PRED is
a (possibly empty) set of predicates, CONS is a (possibly empty) set of individual
constants, and ar : PRED −→ N+ is a function assigning a (positive) arity to
each predicate.
Given a signature Σ = (PRED, CONS, ar), a set of terms TERM and a set of
formulas FOR over Σ (in the language of deduction) are defined simultaneously
by the following context-free grammars:
TERM ∋ t ::= x | a | c | ıxφ,

FOR ∋ φ ::= P (s1 , . . . , sn ) | s1 = s2 | ¬φ | φ∧φ | ∀xφ | (λxψ)(t),
where x ∈ VAR, a ∈ PAR, c ∈ CONS, φ ∈ FOR, s1 , . . . , sn ∈ VAR ∪ PAR ∪ CONS,
t ∈ TERM, and P ∈ PRED with ar(P ) = n. Henceforth, we will refer to the set
VAR ∪ PAR ∪ CONS as TERM− . φ[s] indicates that s occurs freely in φ. φ[s1 /s2 ]
is the result of a uniform substitution of s1 with s2 in φ, whereas φ[s1 //s2 ] is a
result of replacing some occurrences of s1 in φ with s2 . Note that this notation
is restricted to s1 , s2 ∈ TERM− so we can make substitutions and replacements
only using variables, parameters, or individual constants, but not DD.
Semantics Given a signature Σ = (PRED, CONS, ar), a model over Σ is a structure M = (D, I), where D is called a domain and I is an interpretation. For each
predicate P ∈ PRED, I(P ) ⊆ Dn , where n is the arity of P . For each constant
c ∈ CONS, I(c) ∈ D. An assignment v is defined as a function mapping variables
and parameters to elements of the domain. An x-variant v ′ of v agrees with v
on all arguments, save, possibly, x. We will write vox to denote the x-variant of
v with vox (x) = o.
Given a signature Σ = (PRED, CONS, ar), sets TERM and FOR over Σ, a
model M = (D, I) over Σ, and an assignment v, let Iv (s) be v(s) if s ∈ VAR ∪
PAR, or I(s) if s ∈ CONS. Then the notion of satisfaction of a formula φ in M
under v, in symbols M, v |= φ, is defined inductively as follows:
M, v |= P (s1 , ..., sn ) iff ⟨Iv (s1 ), . . . , Iv (sn )⟩ ∈ I(P )
M, v |= s1 = s2 iff Iv (s1 ) = Iv (s2 )
M, v |= (λxψ)(s) iff M, vox |= ψ and o = Iv (s)
M, v |= (λxψ)(ıyφ) iff there exists o ∈ D such that M, vox |= φ[y/x],
M, vox |= ψ, and for any y-variant v ′ of vox , if
M, v ′ |= φ, then v ′ (y) = o
M, v |= ¬φ iff M, v ̸|= φ,
M, v |= φ ∧ ψ iff M, v |= φ and M, v |= ψ,
M, v |= ∀xφ iff M, vox |= φ, for all o ∈ D,
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Closure rules
b ̸= b
φ, ¬φ
(⊥2 )
(⊥1 )
⊥
⊥

b1 ≈ b2 , φ[b1 ]
φ[b1 //b2 ]

Propositional rules
¬¬φ
(¬¬)
φ

φ∧ψ
(∧)
φ
ψ

Quantifier rules

Leibniz’s rule
(L)
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(∀)

∀xφ
φ[x/b]

(¬∀)

¬∀xφ
¬φ[x/a]

λ-rules
¬(φ ∧ ψ)
(¬∧)
¬φ | ¬ψ

(λ)

(λxψ)(b)
ψ[x/b]

(¬λ)

¬((λxψ)(b))
¬ψ[x/b]

ı-rules
(ı1 )

(λxψ)(ıyφ)
φ[y/a]
ψ[x/a]

(ı2 )

(λxψ)(ıyφ), φ[y/b1 ], φ[y/b2 ]
b1 = b 2

(¬ı)

¬((λxψ)(ıyφ))
¬ψ[x/b] | ¬φ[y/b] | φ[y/a]
a ̸= b

Fig. 1. Rules of the tableau calculus TCRλ

where P ∈ PRED with ar(P ) = n, s, s1 , . . . , sn ∈ TERM− , x, y ∈ VAR, and
φ, ψ ∈ FOR, and x is not free in φ in condition for (λxψ)(ıyφ).
A formula φ over a signature Σ is called satisfiable if there exist a model M
over Σ and a valuation v such that M, v |= φ. φ is valid, in symbols |= φ, if,
for all models M and valuations v, M, v |= φ. In the remainder of the paper,
instead of writing M, v |= φ1 , . . . , M, v |= φn , we will write M, v |= φ1 , . . . , φn .
Semantically we identify LRλ as the set of all valid formulas.

3

Calculus

In this section we focus on the construction of a tableau calculus for the logic of
Russellian descriptions LRλ , henceforth abbreviated as TCRλ .
A tableau T generated by a calculus TCRλ is a derivation tree whose nodes
are assigned formulas in the language of deduction. A branch of T is a simple
path from the root to a leaf of T . For simplicity, we will identify each branch B
with the set of formulas assigned to nodes on B.
In Figure 1 we present the rules constituting TCRλ . We transfer the notation
from the previous section with the caveat that a denotes a parameter that is
fresh on the branch, whereas b, b1 , b2 denote parameters or constants already
been present on the branch. Finally, b1 ≈ b2 stands for either b1 = b2 or b2 = b1 .
Theorem 1. The tableau calculus TCRλ is sound and complete w.r.t. the semantics from Section 2.

4

Interpolation

A nice feature of our calculus TCRλ is that it can be used to constructively show
that the logic LRλ enjoys the Craig interpolation property. To this end we exploit
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a technique introduced by Smullyan [7] and further adjusted to the tableaux
setting by Fitting [2]. To take full advantage of this method we need to modify
TCRλ , so that all the rules, save (⊥1 ), are single-premise rules. Consider the
(λxψ)(ıyφ)
1]
′
following two transformed rules: (L′ ) b1 ̸=b2φ[b
|φ[b1 //b2 ] and (ı2 ) ¬φ[y/b1 ]|¬φ[y/b2 ]|b1 =b2 .
Let TC′Rλ be TCRλ with (L) and (ı2 ) replaced with (L′ ) and (ı′2 ), respectively. To
show that TCRλ and TC′Rλ are equivalent we will exploit the cut rule: (cut) φ|¬φ
and the following proposition.
Proposition 1. The rule (cut) is admissible in TCRλ .
Therefore we can apply (cut) safely in TCRλ to show derivability of other rules.
Lemma 1. The tableau calculi TCRλ and TC′Rλ are equivalent.
Theorem 2. The logic LRλ enjoys Craig’s interpolation property.
Proof (excerpt). The general scheme we exploit throughout the proof is:
If χ1 , ..., χk are interpolants for Γ ∪{Ψ1 }, . . . , Γ ∪{Ψk }, then I(χ1 , . . . , χk )
is an interpolant for Γ ∪ {φ}, where φ is the premise of the applied rule
and Ψ1 , . . . , Ψk are all the (sets of) conclusions, and Γ is the set of all
formulas on the branch above the premise.
Clearly, the specific rules for calculating interpolants are in two versions for each
rule: the L-variant with L, or the R-variant with R assigned to the premise and
conclusions (in the case of (⊥1 ) there are four combinations). Let γ1 , ..., γn be
the set of all formulas such that L γi ∈ Γ , and let δ1 , ..., δm be the set of all
formulas such that R δi ∈ Γ . For each rule we are showing that for its L-variant:
If, for every i ≤ k, |= ψi ∧ γ1 ∧ . . . ∧ γn → χi and |= χi → ¬δ1 ∨ . . . ∨ ¬δm ,
then |= φ ∧ γ1 ∧ . . . ∧ γn → I(χ1 , . . . , χk ).
and for the R-variant:
If, for every i ≤ k, |= γ1 ∧. . .∧γn → χi and |= χi → ¬δ1 ∨. . .∨¬δm ∨¬ψi ,
then |= I(χ1 , . . . , χk ) → ¬δ1 ∨ . . . ∨ ¬δm ∨ ¬φ.

Below we state the principles for calculating interpolants for the specific rules
of TC′Rλ . For the remaining rules they can be found in [2].
(⊥2 ) ⊥ is an interpolant for Γ ∪ {X b ̸= b}, for X ∈ {L, R}.
(L′ ) If χ1 is an interpolant for Γ ∪ {L b1 ̸= b2 } and χ2 is an interpolant for
Γ ∪ {L φ[b1 //b2 ]}, then ∀x(χ1 ∨ χ2 [b2 /x]) is an interpolant for Γ ∪ {L φ[b1 ]}.
(L′ ) If χ1 is an interpolant for Γ ∪ {R b1 ̸= b2 } and χ2 is an interpolant for
Γ ∪ {R φ[b1 //b2 ]}, then ∃x(χ1 ∧ χ2 [b2 /x]) is an interpolant for Γ ∪ {R φ[b1 ]}.
(λ) If χ is an interpolant for Γ ∪ {X ψ[x/b]}, then χ is an interpolant for Γ ∪
{X (λxψ)(b)}, for X ∈ {L, R}.
(¬λ) If χ is an interpolant for Γ ∪ {X ¬ψ[x/b]}, then χ is an interpolant for
Γ ∪ {X ¬((λxψ)(b))}, for X ∈ {L, R}.
(ı1 ) If χ is an interpolant for Γ ∪ {X ψ[x/a], X φ[x/a]}, then χ is an interpolant
for Γ ∪ {X (λxψ)(ıyφ)}, for X ∈ {L, R}.
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(ı′2 ) If χ1 is an interpolant for Γ ∪ {L ¬φ[y/b1 ]}, χ2 is an interpolant for Γ ∪
{L ¬φ[y/b2 ]} and χ3 is an interpolant for Γ ∪ {L b1 = b2 }, then ∀x∀y(χ1 ∨ χ2 ∨
χ3 [b1 /x, b2 /y]) is an interpolant for Γ ∪ {L (λxψ)(ıyφ)}.

(ı′2 ) If χ1 is an interpolant for Γ ∪ {R ¬φ[y/b1 ]}, χ2 is an interpolant for Γ ∪
{R ¬φ[y/b2 ]} and χ3 is an interpolant for Γ ∪ {R b1 = b2 }, then ∃x∃y(χ1 ∧ χ2 ∧
χ3 [b1 /x, b2 /y]) is an interpolant for Γ ∪ {R (λxψ)(ıyφ)}.

(¬ı) If χ1 is an interpolant for Γ ∪ {L ¬ψ[y/b]}, χ2 is an interpolant for Γ ∪
{L ¬φ[y/b]} and χ3 is an interpolant for Γ ∪ {L φ[y/a], L a ̸= b}, then ∀x(χ1 ∨
χ2 ∨ χ3 [b/x]) is an interpolant for Γ ∪ {L ¬((λxψ)(ıyφ))}.

(¬ı) If χ1 is an interpolant for Γ ∪ {R ¬ψ[y/b]}, χ2 is an interpolant for Γ ∪
{R ¬φ[y/b]} and χ3 is an interpolant for Γ ∪ {R φ[y/a], L a ̸= b}, then ∃x(χ1 ∧
χ2 ∧ χ3 [b/x]) is an interpolant for Γ ∪ {R ¬((λxψ)(ıyφ))}
As a consequence of Theorem 2 (see [3]) we get:

Theorem 3. The logic LRλ enjoys Beth’s definability property.
Knowing that LRλ satisfies Beth’s definability property results in a straightforward method of determining, for any signature Σ = (PRED, CONS, ar), any
theory Th over Σ and any constant c ∈ CONS, whether c can be defined by a
formula ψ over Σ ′ = (PRED, CONS \ {c}, ar) under Th (see the work by Artale
et al. [1]). In other words, we can decide whether there exists a formula that
can form a definite description satisfied by the object that c denotes. Indeed, it
suffices to check for implicit definability of c, that is, check if a tableau with the
following formula at the root is closed:
^
(Th ∪ Th′ ) ∧ c ̸= c′ ,

where Th′ is defined as Th with a fresh constant c′ put in place of c. Since, by
Theorem 3, implicit definability implies explicit definability, we can replace such
a constant with a definite description ıxψ, where ψ is a definiens of c, whenever
such a replacement results in a syntactically correct expression.
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Abstract. Interference-based proof systems are necessary for proof generation in inprocessing SAT solvers. Unfortunately, their structure and
semantic invariants are incompatible with standard recursive interpolant
systems. Recent research on interference connects it with inference in
more expressive logics. This circumvents some of the roadblocks in the
quest for interpolant extraction from interference-based proofs, but also
raises questions about the applicability of unfeasibility results in this
setting.

1

SAT solving, interpolation and inprocessing

The execution of conflict-driven clause learning (CDCL) SAT solvers [35,25]
matches closely a resolution refutation in ways that are well understood: each
learnt clause can be derived from the working CNF formula via trivial resolution [3,28]. CDCL solvers exploit this by generating a resolution refutation
when given an unsatisfiable input formula; this resolution proof can be used
to generate a Robinson interpolant [6] using one of the many available methods [17,19,29,34,9,7]. These interpolants are extremely useful for industrial techniques in model checking [24,41,42].
In order to make up for the traditionally poor performance of CDCL solvers
on instances involving parity constraints or symmetries, several inprocessing
techniques have been introduced [22,10,37,2,4]. Unfortunately, generating resolution proofs for these formula transformations can be very complicated. Gaussian elimination [37,36], for instance, derives inferences that generally require
exponentially-sized proofs to derive in resolution [39]; symmetry breaking [1,2]
introduces predicates that are not logical consequences of the input formula, so
they cannot even be derived by resolution [40].
Most SAT solvers generate their unsatisfiability proofs instead in the delete
resolution asymmetric tautology (DRAT) proof system [43,14], which enables
short proofs when inprocessing is used [23,12,26]. DRAT generalizes the extended
resolution (ER) proof system, and is polynomially equivalent to it [21,18]. Hence,
DRAT lacks feasible interpolation under cryptographic assumptions [20,33].
⋆
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Unfeasible interpolation is not by itself a caveat: if the overhead of interpolant
generation is lower than the overhead of disabling inprocessing in SAT solvers, a
recursive interpolation system might still be desirable in practice. Furthermore,
our research on the logical underpinnings of DRAT suggests that some changes
on the definition of an interpolant might be natural in this setting, and most
importantly, compatible with model checking applications. Our goal with this
talk is to receive expert feedback on this line of research.

2

Interference-based Proofs

DRAT and ER belong to a class of propositional proof systems generically called
interference-based within the SAT solving community [13]. As opposed to the
idea of infering a clause, i.e. inserting in the working formula F a clause C
entailed by F , interference only requires that F and F ∧ C are equisatisfiable.
The consequences of this change are far-reaching:
– Whereas inference-based proofs preserve models (i.e. any model of the premises
is a model of the conclusion), interference-based proofs only preserve the existence of a model; in particular, any model of the premises needs not be a
model of the conclusion [11].
– Most inference-based proof systems are defined through inference rules of the
form A1 , . . . , An ⊢ C, where A1 , . . . , An are required to occur in the formula
F accumulated throughout the proof; critically, the presence or absence of
other clauses is irrelevant. In interference-based proofs, clauses are derived
through rules that involve the whole formula F . In other words, interference
does not only depend on the presence of some clauses, but also on the absence
of some clauses [31].
– As a consequence of the previous difference, interference rules are nonmonotonic, i.e. a proof step deriving C from F might become incorrect when
F is enlarged. This is reflected on the absence of the tree structure, otherwise
typical in inference-based proofs, in interference-based proofs. Rather, the
latter take the form of lists of clause introductions and deletions, incrementally inserting or removing clauses from the premise formula [30].
There are many examples of interference-based proof systems, including ER [21,33],
DRAT [43], DPR [16], DSR [5] and WSR [30]. For this paper we focus on delete
subsumption-redundancy (DSR), which generalizes DRAT.
A clause C is called a reverse unit propagation (RUP) over a CNF formula F
whenever C can be derived from F through a trivial resolution derivation [3,28];
for the purposes of this paper, it suffices to consider this as a form of chained
resolution. In that case, C is logically implied by F . Furthermore, we call a
substitution σatomic whenever σ maps variables to literals, ⊤ or ⊥. Then, a
clause C is a substitution redundancy (SR) clause [5] over F upon an atomic
substitution σ whenever the following conditions hold:
1. The clause σ(C) is a tautology.
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2. For each clause D ∈ F , the clause C ∨ σ(D) is either a tautology or a RUP
clause over F .
Under these conditions, F and F ∧ C is equisatisfiable.
The DSR proof system allows the inconditional deletion of clauses, and the
introduction of clauses C so far as they are either RUP clauses over the accumulated CNF formula F , or SR clauses over F upon a specified atomic substitution
σ. For a proof system operating on clauses, DSR is very powerful. Being polynomially equivalent to ER [18], no exponential lower bounds are known, Short, intuitive refutations for complex formulas are relatively easy to produce [26,12,23,8],
albeit further improvements on this are possible using WSR [30]. Furthermore,
for equisatisfiable formulas F and G, there always exist DSR derivations of G
from F [27].

3

Recursive Interpolation Systems

The departure of interference from the more common tree-shaped, monotonic,
entailment-based proof framework has some consequences for the development
of a recursive interpolation system. While it is possible to transform interferencebased proofs into resolution [32] (of course, at an exponential cost), generating
interpolants directly from the former seems contrived at the very least.
Typical recursive interpolation systems work by generating a partial interpolant for each node in a refutation tree, with the partial interpolant for the
final contradiction being the interpolant. A semantic invariant generalizing the
definition of an interpolant is maintained for partial interpolants by the generation rules. Let us take as an example a simple interpolation system for resolution
proofs inspired by [17,7]. For a clause C derived from the partition A ∧ B, we
generate the partial interpolant P (C) as follows:
– If C is a premise in A, then P (C) = ⊥; if C is a premise in B, then P (C) = ⊤.
– If C is derived as the resolvent of D1 and D2 upon a pivot literal x with
x ∈ D1 and x ∈ D2 , then P (C) is:
P (D1 ) ∨ P (D2 ) if x ∈ Var(A) \ Var(B)

(x ∧ P (D1 )) ∨ (x ∧ P (D2 )) if x ∈ Var(A) ∩ Var(B)
P (D1 ) ∧ P (D2 ) if x ∈ Var(B) \ Var(A)

where we have denoted by F the set of variables occurring in F . Partial interpolants generated in this way maintain the following semantic invariant:
1. A implies P (C) ∨ C|Var(A)
2. B implies ¬P (C) ∨ C|Var(B)
3. Var(P (C)) ⊆ Var(A) ∩ Var(B)
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where C|V for a clause C and a set of variables V denotes the clause constructed
by removing all literals x and x with x ∈ V from C.
While modifying this interpolation system to fit inference-based proof systems other than resolution is not difficult, doing so for interference-based proofs
is. To start with, interference precludes the expression of proofs as trees. There
still exists some proof structure (namely, the list of introductions and deletions),
yet a much weaker one. However, whereas inferences are entailment-based (e.g.
the resolvent of D1 and D2 is a logical consequence of D1 and D2 ), interference
proof steps only preserve satisfiability. Proving that the invariant above is maintained uses very strongly that inferences are truth-preserving, which we cannot
guarantee for interference.

4

Mutation Semantics

Our research has however shown that we can see interference-based proofs as
inference-based proofs on an extension of propositional logic we call mutation
logic [31,30]. This extension employs a conditional mutation operator ∇. Given
two formulas φ and ψ and an atomic substitution σ, the formula ∇(σ :− ψ).φ is
satisfied by a model m whenever: 1. If m satisfies ψ, then m satisfies σ(φ), and
2. If m falsifies ψ, then m satisfies φ.
The intuition behind ∇ is that φ will be evaluated under a model that is
obtained from m by mutating it through σ whenever the condition ψ holds, and
by keeping m as is otherwise. The ∇ operator is also relatively well-behaved: ∇
distributes over ¬, ∨, ∧; if C implies D, then ∇ε.C implies ∇ε.D.
Mutation logic has some interesting complexity properties [31,30]. Its version
without restrictions, which we call MPL, can be linearly encoded as a logically
equivalent propositional circuit; this means that the satisfiability problem for
MPL is NP-complete [38], and models can be easily obtained using a SAT solver.
In our research, we consider cubic mutation rules of the form σ :− ¬C where
C is a clause; and the uniform mutation CNF (UMCNF) fragment of formulas
∇ε1 . . . ∇εn .F where the εi are cubic rules and F is a CNF formula. We showed
that all MPL formulas have a linearly-sized, equivalent UMCNF formula.
Mutation logic is extremely useful in understanding the logical underpinnings
of interference. In particular, one can show that, if C is an SR clause over F upon
σ, then the formula F entails ∇(σ :− ¬C).(F ∧ C) [31]. Two things are worth
noting at this point. Firstly, here we have entailment as opposed to satisfiabilityequivalence; in fact, the rule (σ :− ¬C) tells us exactly how to construct a model
of F ∧ C given any model of F . Secondly, one can reinterpret SR introduction as
reasoning without loss of generality [30], which explains why DSR can introduce
symmetry breaking predicates [12].
Equipped with mutation logic, an inference-based proof system over mutation clauses that closely matches inference-based proof systems over clauses can
be constructed. Mutation clauses present as ∇ε1 . . . ∇εn .C, where the εi are
cubic rules and C is a clause. On the one hand, this yields a much better understanding of the reasoning process behind the definition of DSR, immediately
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pointing to novel extensions [30]. On the other hand, this proof system reattains
tree-shaped, truth-preserving, monotonic inference rules that simulate the reasoning performed by interference. We do not present this proof system here; the
interested reader can find details about the mutation-resolution proof system
in [31].

5

Interpolation for Mutation Logic

Mutation logic might provide a path forward in our quest for interpolant generation in SAT solvers with inprocessing. If we had a recursive interpolation system
for the mutation-resolution proof system, generating an MPL interpolant, then
we could use this interpolant in model checking applications via the aforementioned linear transformation into a propositional circuit.
There remain some roadblocks in constructing such an interpolation system,
nevertheless. Proof complexity results have shown that, assuming that RSA is
secure, the extended Frege (EF) proof system lacks feasible interpolation [20].
EF is itself polynomially equivalent to ER [33], hence also to the whole family of
interference-based proof systems [18,15,5], so this (probably) precludes feasible
interpolation for mutation-resolution as well.
A question, however, raises when extending the definition of an interpolant to
MPL: what does it mean for x to be a variable of an MPL formula φ? Naïvely, we
could simply interpret that x syntactically occurs in φ. However, in the formula
∇({y 7→ ⊤} :− x).∇({y 7→ ⊥} :− x).y

the variable y plays no role at all and can be replaced by any other variable
(including x itself!). On the other hand, a definition of the variables of a formula
that somehow considers y a “bound” variable does not seem to be very useful
either, since in the following formula y is relevant:
∇({y 7→ ⊥} :− x).y

An alternative is to take a semantic definition of the variables of a formula:
x is a variable of φ whenever there exist models m1 and m2 differing only on x
which assign different truth values to φ. A variation of interpolants, which we
call semantic interpolants, can then be defined by substituting semantic variables for syntactic variables. This might, in fact, be a reasonable change even in
propositional logic: with this definition, if P1 is equivalent to P2 , then P1 is an
interpolant of A ∧ B iff P2 is.
With this, we motivate some questions with a direct influence in this line of
research, which we hope to discuss during iPRA 2022:
– Does the unfeasible interpolation result for EF from [20] still hold for semantic interpolants?
– Are there other variations on the definition of an interpolant that might be
useful for model checking, and in particular for the extraction of interpolants
from interference-based proofs?
– Do these insights shed any light over the connection between cryptographic
assumptions and feasible interpolation?
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